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Introduction
In this paper, we test whether there exists a threshold effect in the relationship between government debt-to-GDP ratio and median real GDP growth rate in advanced economies 1 Department of Economics, Seoul National University, 1 Gwanak-ro, Gwanak-gu, Seoul, by applying a recently developed econometric technique to the Reinhart-Rogoff (RR hereafter) dataset.
Our paper is primarily motivated by Reinhart and Rogoff (2010) whose "main result is that whereas the link between growth and debt seems relatively weak at 'normal' debt levels, median growth rates for countries with public debt over roughly 90 percent of GDP are about one percent lower than otherwise; average (mean) growth rates are several percent lower. " Herndon, Ash and Pollin (2014) pointed out their spread sheet errors and claimed that "overall evidence refutes RR's claim that public debt/GDP ratios above 90 percent consistently reduce a country's GDP growth." In the response to their critics, Reinhart and Rogoff (2013b) stressed among other things that their paper "gave significant weight to the median estimates" because they are less influenced by outliers.
A substantial body of literature since then has been devoted to testing for the threshold effect in the link between public debt and GDP growth but has not reached a general consensus. Kumar and Woo (2010) , Cecchetti, Mohanty and Zampolli (2011) , ChecheritaWestphal and Rother (2012) and Baum, Checherita-Westphal and Rother (2013) obtained evidence supporting the proposed 90 percent debt threshold. On the other hand, Minea and Parent (2012) estimated a higher debt threshold, around 115 percent of GDP. However, Caner, Grennes and Koehler-Geib (2010) and Elmeskov and Sutherland (2012) found the threshold to be around 70 percent. Baglan and Yoldas (2013) andÉgert (2013) suggested that the threshold may be even lower, around 20 percent. For more comprehensive literature review, refer to Panizza and Presbitero (2013) and Eberhardt and Presbitero (2013) . However, aforementioned papers in the literature did not estimate or test for the threshold effect in terms of the median GDP growth rate, although Reinhart and Rogoff emphasized their median estimates. To the best of our knowledge, our paper is the first one that focuses on the median real GDP growth.
In this paper, we contribute to the Reinhart and Rogoff debate by formally testing for a threshold effect in the relationship between public debt and median real GDP growth.
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The goal of this paper is to examine whether the empirical findings of Reinhart and Rogoff (2010) can be viewed as statistically significant evidence for the existence of the threshold effect of debt at 90 percent of GDP. Although the debate broadly encompasses the link between debt and growth in all economies, we restrict our attention to threshold effects in advanced economies in this paper using the updated Reinhart-Rogoff dataset (Reinhart and Rogoff (2013a) ).
The remainder of the paper is organized as follows. Section 2 describes the setup and the methodology, Section 3 explains the data and gives estimation results of median regression, Section 4 presents the main testing results, Section 5 provides the results of robustness check, and Section 6 concludes. Appendix A describes the construction of the sample used in our empirical work and Appendix B provides details of the testing method.
The Setup and Methodology
We use the updated Reinhart-Rogoff dataset (Reinhart and Rogoff (2013a) ) and apply the test for threshold effect developed in Lee, Seo and Shin (2011) . This method allows us to test for threshold effect in median regression when the threshold value is unknown. 2.1. Model Specification. Let y c,t be the real GDP of country c for year t. Let G c,t−1,t be the real GDP growth of the country between the years 't' and 't − 1', that is, 100 × (y c,t − y c,t−1 )/y c,t−1 . Similarly, let G c,t,t+5 be its five year forward average growth rate (annualized five-year growth hereafter) defined as 1 5 4 s=0 G c,t+s,t+s+1 . The annualized five-year growth is defined so that the period included does not overlap with the period for the annual growth. Let debt c,t denote the debt-to-GDP ratio of country c in year t expressed in percentage.
Our main interest is how the debt to GDP ratio of a country affects its annual and annualized five-year growth rates. Specifically, we wish to test whether there is a debt/GDP threshold after which the median growth rates change abruptly. The conditional median function is specified as
where g c,t can be either G c,t−1,t or G c,t,t+5 , I(·) is an indicator function, and α 1 , α 2 , β 1 , β 2 and γ are unknown true parameter values that belong to A 1 , A 2 , B 1 , B 2 and Γ respectively, which are subsets of R.
We consider two specifications for the regression. For the "intercept-only" model, we consider a conditional median function where only the intercept is allowed to change at the threshold value by imposing α 2 = 0. For the "intercept-and-slope" model, changes in both the slope and the intercept are allowed at the threshold value.
Let α = [α 1 , α 2 ]. The null and alternative hypotheses in our setting are (1) H 0 : α = 0 for any γ ∈ Γ versus H 1 : α = 0 for some γ ∈ Γ.
When α = 0, there is no threshold effect due to the debt to GDP ratio; whereas if α = 0, there exists the threshold effect. Galvao et al. (2014) .
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To give an informal description of our testing procedure, we start with the following objective function for the median regression:
For a given γ ∈ Γ, defineα(γ) andβ(γ) to be the estimators that maximize the objective function Q n (α, β, γ). Letγ := argmax γ∈Γ Q n (α(γ),β(γ), γ) and
In addition, noting that Q n (α, β, γ) does not depend on γ when α = 0, let
Define the quasi-likelihood ratio statistic by
That is, our test statistic is based on the distance between maximized restricted and unrestricted objective function values. Note that the test statistic defined in (2) can also be written as
Thus, the statistic QLR n can be viewed as a sup-likelihood-ratio-type statistic. We can simulate valid p-values of the quasi-likelihood ratio test, following Lee, Seo and Shin (2011) . To implement the test, it is necessary to specify the range of the parameter space Γ of the threshold parameter γ. In all empirical results presented below, we set Γ to be an interval between 10% and 100% of GDP, which are approximately 7 and 94 percentiles of the debt-to-GDP ratio in the sample. See Appendix B for a detailed description of how to obtain the p-value.
Data and Median Regression Results
Our source of data is Reinhart and Rogoff (2013a) Before moving to the test results, we present the predicted values from median regression of growth on dummy variables that represent debt-to-GDP ratio categories. We used the same debt categories as Reinhart and Rogoff (2010) . However, we assigned an equal weight to every country-year observation for the whole sample while they assigned an equal weight to every country within a debt category (that is, the equal weight within each subsample defined by the debt level). In our test for threshold effects, since we were testing for the existence of any threshold rather than a particular threshold, we did 2 See http://www.carmenreinhart.com/response-to-critics/.
A CONTRIBUTION TO THE REINHART AND ROGOFF DEBATE 7 not have ex-ante debt categories needed to construct the weights used in Reinhart and Rogoff (2010) . Hence, for consistency, we used country-year equal weights in estimation of median regression. tions from the predicted median growth. We can observe that the difference in predicted median growth between categories "under 30%" and "30% -60%" is larger than the difference between categories "60% -90%" and "over 90%" for all four median regressions. Table 1 describes the result of the tests for threshold effect in median annual growth regression. The null hypothesis of no threshold effect was rejected in every test at the 5 percent significance level except for the median five-year growth regression for the long sample using the intercept-and-slope model. Other than this no-rejection case, the estimated threshold was 28 percent. In the restricted model where α = 0 was imposed, a 10 percentage point increase in the debt was associated with a 0.22 percentage point decrease in median GDP growth for the postwar sample. For the long sample, it was associated with a 0.15 percentage point decrease in median GDP growth. it was associated with a 0.08 percentage point decrease in median GDP growth. The estimated coefficients suggest that the threshold level of debt/GDP is slightly higher and the negative impact of debt on growth is smaller in the medium-run compared to the short-run.
Test Results for Threshold Effects

Robustness of Results
We check the robustness of our results by using sub-samples obtained from dividing the original sample according to the size of each observation's debt-to-GDP ratio, by omitting one or more countries from the original sample, and by adding the lagged dependent Note. For the "intercept-only" model, we consider a conditional median function where only the intercept is allowed to change at the threshold value by imposing α 2 = 0. For the "intercept-and-slope" model, changes in both the slope and the intercept are allowed at the threshold value.β 1 andβ 2 refer to the estimated coefficients for β = (β 1 , β 2 ) when the restriction α = 0 is imposed.
variable as an additional covariate. The test results we present in this section are all obtained using the intercept-only model.
As the first robustness check, we examine whether there is a second threshold below or above the threshold estimated in the previous section. One might bring out the possibility of multiple thresholds in the link between debt and growth and justly question whether there is really no evidence of a 90 percent debt threshold. The 90 percent threshold may To examine this issue, we plot the profiled values Q n (α(γ),β(γ), γ) of the objective function for each fixed value of γ in Figures 2 and 3. In Figure 2 , there seems to be a second peak at the upper end point of the parameter space (that is, 100 percent) for the long sample; however, with relatively few observations above 100 percent, it is difficult to conclude whether a threshold really exists there. Likewise, Figure 3 does not provide evidence supporting the threshold effect at around 90 percent. To complement the eyeball As the second robustness check,we now check whether the results depend on the inclusion/exclusion of any particular country by carrying out the tests with country-wise sub-samples. First, we generated sub-samples by omitting one country each from the original sample. Second, we generated sub-samples by splitting the countries into two groups according to alphabetical order (10 countries in each group) or region (16 European countries and 4 non-European countries). Tables 5 to 8 describe the results. For the postwar sample, the results are scarcely affected by one-country omissions and moderately affected by splitting the countries into two groups. For the long sample, especially for the annual growth, the results are greatly influenced. This suggests that country-wise heterogeneity in the link between debt and growth is more serious when we look at short-term growth with more historical data. In summary, we did not find any credible evidence supporting the 90 percent the debt threshold.
As the third robustness check, we consider further tests by adding a lagged dependent variable as an explanatory variable. Since we focus only on the intercept-only model in this section, the coefficient of the added lagged dependent variable does not change its value below or above the threshold. Table 9 indicates that the threshold effect seems to disappear altogether. The test fails to reject the null hypothesis in all cases at the 5 percent significance level. For the postwar sample, a 10 percentage point increase in the debt is associated with 0.08 percentage 
Conclusion
After testing for threshold effects in the link between public debt-to-GDP ratio and median growth, we find no evidence of a 90 percent debt threshold that is generally applicable to all countries. Instead, our findings suggest that a debt threshold, if it exists, may be around 30 percent of GDP. However, more evidence is needed to establish any credible link between such debt threshold and growth, not to mention the causal relation. Following the comments in the worksheet, we excluded years 1940-1945 for United Kingdom and 1941-1944 for United States. In the worksheet, debt-to-GDP ratios in Hence, we augmented the worksheet data with debt-to-GDP ratios of Reinhart-Rogoff series provided in Carmen Reinhart's website 3 (http://www.carmenreinhart.com/data/ browse-by-topic/topics/9/) to fill in the debt-to-GDP ratios for the two observations 1976 -1979 1949 , 1973 -1977 1951 -1952 . For the long sample, 256 observations were deleted (1914 ( -1923 ( , 1938 ( -1946 1914 -1920 , 1940 -1946 1880 , 1914 -1949 , 1976 -1979 1880 , 1914 -1920 , 1932 -1949 , 1973 -1977 1914 -1924 , 1939 -1950 1914 -1918 , 1939 -1969 Greece ; 1947 -1950 1941 -1955 1914 -1920 , 1940 -1955 1940 -1945 1913 -1949 , 1951 -1952 Portugal, 1936 -1939 . For the five-year forward average real GDP growth, we take an average of annual growth rates included in the five-year forward window. The observation was dropped from the sample if any of G c,t,t+1 , G c,t+1,t+2 , G c,t+2,t+3 , G c,t+3,t+4 , or G c,t+4,t+5 was missing. See Table 10 and Figure 4 for the summary of the data. 
u ij are iid random variables following Unif[0,1], h n is the bandwidth, and K is a kernel function. Here, the subscript j denotes each simulation draw. We use the standard normal probability density function as the kernel function. We simulate the distribution of QLR j and calculate the p-value for QLR n accordingly.
In simulating the p-value, it is necessary to choose the bandwidth h n . It was set tô σ × n −1/5 , whereσ is the sample standard deviation ofũ i,t = y i,t − x i,tβ . We have also tried different bandwidths that are 0.5, 1.5, and 2 times this size. The results are not sensitive to bandwidth selection. The parameter space of the threshold is approximated by a grid such that Γ = {γ : γ = 10 + k × 0.9 , k = 0, 1, 2, ..., 100}. Recall that the end points of the parameter space [10%, 100%] are about 7 and 94 percentiles in the sample.
We have also tried grids that have 51 and 201 equally-spaced points between 10% and 100%. The results are not sensitive to grid selection.
